Sec 4.1: Review of Basic Calculus of Matrix Functions

Definition: A Matrix Function is a matrix whose entries are functions. In this class we will consider
matrices whose entries are real valued functions of a real number t.

22—t 3
t—1 t—2

Ex1. Consider the matrix

(a) Compute M'(t) and /M(t) dt.

(b) Compute /01 M(t) dt.



(¢) For what values of ¢, M (t) has inverse?

(d) Find (M (t))~!, whenever it makes sense.

Note: In general we will use Gaussian elimination to compute (M (¢))~!. However, if M is a 2 x 2 matrix

we have that
a b
M f—
c d

then




BASIC RULES:

/{A(t)j:B(t)} dt:/A(t) dtﬁ:/B(t) dt

/b{A(t)iB(t)} dt/bA(t) dti/bB(t) dt

WARNING: In general, the product of matrices is not commutative. That is, if P and () are matrices,

then PQ may not be QP. Hence, %{B(t) : A(t)} may not be A(t) - B'(t) + A'(t) - B(t).

Sec 4.2: First Order Linear System

Has the standard form:

where
[y1(t) ] [pui(t)  pia(t) Pin(t)] [1(1) ]
Y2 (t) pa1(t) pa2(t) - pan(t) 92(1)
v y3(t) P(t) = p31(t) pa2(t) -+ p3n(t) é(t) _ g3(t)
_yn(t)_ | Pn1 (t) Dn2 (t) T pnn(t)_ LIn (t)_

Ex1. Write the following system as a first order linear system. Assume 0 < ¢t < co.

- y2 + In(t)

i) gy +
1= T Y

yh = (2t +1) - y1 +e 2 -y + cos(t)



Ex2. Write the following system as a first order linear system. Assume —2 < ¢ < 2.
(t +2)yy = 3ty: + 5y2

(t —2)ysp = 2y1 + 4tys



Ex3. Rewrite the scalar differential equation as a first order linear system:

y(S) _ t2jlj” + 3ty’ + By = e—4t

Sol.
Note that this is a third order scalar differential equation. Define a column vector ?(t) as follows:
yi(t) y(t)
Y(t) = |v2t)]| = |¥'(®)
ys(t) y'(t)

Yy (t) y'(t)
Y/(t) = |h(t)| = |y"()
ys(t y"(t)

Now use the definition of ?(t) and the fact that y(3) = t2y” — 3ty — 5y 4+ e~**.



Definition: The trace of a matrix A denoted by t¢r[A], is defined to be the sum of the elements of the
diagonal of A.

Example: Consider A from our previous example,

0 1 0
A= | -6 5 0
0 0 1
Then tr[A] =0+5+1=6.
a b c
Remember, given a 3 x 3 matrix B= | d e fl,
g h k

e f d
determinant of B= det (B) = ax det l ] —bx det [
k

Example: Calculate det (A).

5 0 —6 0
Det (A)= 0x det —1x det
0 1




Sec 4.3: First Order Homogeneous System

7' Py + b6t

In this case G(t) = 0, i.e.
Y ' =P@1)-Y, a<t<b.
Cm..addtv'
> 2
6(t)=2
. . . . ! _ oy 2 > _ oy 2 ,
Motivation: Consider the I.V.P. Y' =AY , Y (0) =Y, where Ist vk livewr s {
0 1 0
B 3
A= -6 5 0 and Yo = [7]
4
0 0 1
e Show that
62t e?)t 0
Yi(t) 22| Ya(t) = [3€3|; Y3(t) = | 0| are all solutions of the D.E. ¥’ = AY.
0 0 et
< ~ v A o
®A s« saldie @ Y= PEY, WS X =AY
Y. - 26 NPT P
- 2e 72le 1 O C‘c-g"uo:-
yi'2 \ue) = [+ ¢ o[ |2e7) A0 O
| Oe eo 2a “tl -
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r’. aﬂu“‘"\? <+t 3¢.,e 363t ‘_-)y l“ Q SJ‘L‘HQ;'

) (5 ) gm0/
s,b =

q

Kg e o | ° Ts K) 4 aoc@W?

T
y‘

e The set {Y(t), Ya(t), Ys(t)}is a Fundamental Set of Solutions if
every solution can be written as a linear combination of the

functions in the set. Show that this set form a Fundamental Set for

the above. - =
he IVP ab S an}.df-mwg(y./y,/ }7:} suct dagh
9

(wite
Edcsdm] S & solutre !
(FS) ’—*—;’m&_ ).4 ,A), ®q | tvenc m%&‘w b e M’\r
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te s G)AudeMWMW o e g0l
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OQQ' A jun.ao( Sold‘l.‘k du ?I"PG:Q? S a loeu- OUWQH.J;( o“*d‘l/(
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e fudres § 3, B ] e ok rbpe & N0=AA ] LR, [ 4

e Solve the initial value problem.

S¢

..L-I.-
QA e o £  an, €ER
@ I, % K « LTd & WO° il DO A
/s Q o o g(’.') 2, 3_2
Sf. £
w2t o q FS
dd /- e 3 SC' ° 2e 0‘& 3,2t chtj e <&
e < o 26 3 [ e 6 e =e Zo 'Au &u/v
S o ¢° < € &R

3t
te gooml  soludn Yo 71'” n V-G (‘e fcge}t(&<
How b T.so(,g hi“f” )/(0) [] ( "'(«( )7‘65 . ("I:SC(:

(5 C 1< Gi=4
7:{5'43(4 < Ca.‘a‘q
4= ¢4

Fundamental Matrix. Given a homogeneous system:

—

Y'=P{t)-Y, a<t<b,

a matrix ®(¢) is called a fundamental matrix if:
(i) Each column of ®(t) solves the homogeneous equation.
(ii) det(®(¢t)) # 0 for all t in (a, b)

Theorem. If ®(¢) is a fundamental matrix for the homogeneous equation Y'=P (t) - Y, then the general
solution is a linear combination of the columns of ®(¢). More precisely, the general solution is given by

Y =®(t) - ¢,

o . o t
where € is an arbitrary constant column vector ¢ = [cl co - cn] .

Ex1.

—1
(a) Verify that the matrix ®(t) = [t ¢

1 tQ} is a fundamental matrix for the homogeneous system

Y Py ?/:[tOQ —fll}?’ O<t<oo
© Ned do 4o dua columuy o ls'm ae bt

E’(t) (‘é} 1y a selem (‘7$ ( ) o tﬁ](t] (/g_ ) (1)1'7°
Ba0€E v < =1 B G e 1 e ) (5T

26‘) l/ @-’L (‘E) 1‘5 (@] Set_;

so(q‘hw uwd VLL\J' ﬂe}« e (T

;._a.

@) det(@ ) £oe da{'[ : ] LT Ao &, uy, £ O
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































(b) Solve the initial value problem: Y / = {ﬁ _tl ] Y, Y(1)= [

gW’ selubon,  foun zp(ﬂ ylé} ¥ ?@), (ﬁ)( ) [‘C t ]( C

-YA(e) dle)e + &, (Elc,

4o sole TVP.
(9.) y(l)-:c,_—f(()fcz@;(t) ~c( )"'Cz.(_z}

i em e [L(E)-()
C. -, (2 (& -
(u)’/\ ((3)=2"(§) 3/) (57" Im/ﬂ je 2l »] %.7

1
(61): Vo % 2)-( 3 %
C. o K\ % ~7 2
Theorem [Abel’s Formula] If the column vectors 1/71, 1;27 SN z/_;n are solutions of the homogeneous
system

Y/ =P@t)-Y, a<t<b,

—

then the determinant of the matrix ¥(¢) = U1 thy - Jn] is given by
¢

det (¥ (1)) = det(¥(to)) exp ( / tr{P(s)} ds)
to

where tois arbitrary in the interval (a, b). The determinant of the matrix ¥(t) is called the Wronskian of the system.

Using Abels Forwala  Jek @) 0 &2 det (B (t,)) #0 K?DNF

det (B 1)) = ole:/‘[l l],-'z_ £0 ¢ det(FYzo < B is q FMbix












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex2. Suppose ®(t) is a fundamental matrix for the homogeneous system

cos(t3) . N N
2 1 l-‘
T v G—.‘)\/‘-P(é’}/
sin(t) 2t — cos(t3)
241
If ®(0) is the identity matrix, what is det(®(¢))? what is det(®(7))? / 'tg-“ / ‘%
2y =) Lo lald)
- (s “u
fa e ¢ "
Ur$%) Dl ft® ‘
t 25 In(€*41) "( *) -
AT = Ak Tl s, 4 = M e o du~2ud (¢
14 :O
o det (F (77) <0
Corollary. If the columns of ¥(t) = [Jl 1/72 e 1/74 are solutions of the homogeneous system

Y ' =P@t)-Y, a<t<b
and det(U(tg)) # 0 for some g in (a,b), then ¥(¢) is a fundamental matrix.
Proof:

Ex3. It is known that

e ! —e' sin(2t) e' cos(2t)
dr=| 0 |, o= e'cos(2t) and 93 = | e’sin(2t)
et 2et cos(2t) 2et sin(2t)

are solutions of the homogeneous system

1 2 2
Y'=|2 5 -2|Y, —-oco<t<oo
4 12 -5

Let ¥(t) = {151 0 1/_;3] What is det(¥(¢))? What can you say about the matrix ¥ (¢)?


































































































































































































































































































































































































































































































































































































